We experimentally study energy transport in chains of trapped ions. We use a pulsed excitation scheme to rapidly add energy to the local motional mode of one of the ions in the chain. Subsequent energy readout allows us to determine how the excitation has propagated throughout the chain. We observe energy revivals that persist for many cycles. We study the behavior with an increasing number of ions of up to 37 in the chain, including a zig-zag configuration. The experimental results agree well with the theory of normal mode evolution. The described system provides an experimental toolbox for the study of thermodynamics of closed systems and energy transport in both classical and quantum regimes.
Energy transport and thermalization in nanoscale systems are of special interest as they pertain to the microscopic origins of statistical mechanics and the functionality of biological systems. The Fermi-Pasta-Ulam paradox, for instance, involves numerical simulations of a chain of oscillators where it was conjectured that nonlinearity in the potential would give rise to ergodicity and lead the system to eventually thermalize [1, 2] . The simulation results prove otherwise and further work on the problem has led to discoveries of soliton solutions in related non-linear systems and the concept of dynamical chaos. In the context of energy transport in biological system, there has been a number of theoretical investigations how the high transport efficiency can arise in a molecule located in a noisy environment at the ambient temperature. The possible explanations include constructive interferences among the possible pathways aided by spatial robustness against decoherence [3] and inhibition of destructive interference via dephasing noise [4] .
Chains of trapped ions allow for experimental investigation of energy transport phenomena and oscillator chain models [5] . In contrast to naturally occurring systems, the parameters such as the amount of present nonlinearity and decoherence can be tuned precisely with additional optical potentials. Recently, trapped ion chains have been proposed as a model system for study of multidimensional spectroscopic techniques commonly used to probe energy transport in photosynthetic molecules [6] . In addition to serving as a model system, ion chains may reveal a number of interesting deviations from expected thermodynamic behavior. When the extreme ions on either side of the chain are coupled to heat baths of different temperatures, one expects a non-linear temperature distribution across the ion chain [7] . The non-uniformity of ions trapped in the harmonic potential leads to nonextensive scaling of thermodynamic quantities and to eigenmodes that differ from phonon-like waves [8, 9] .
In this Letter, we present the observed energy transport dynamics in long trapped ion chains. We prepare an out-of-equilibrium state of the chain by rapidly imparting momentum onto a single ion at one end of the chain. We then monitor the energy of the ions in the chain as the initial excitation propagates, leading to multiple revivals of energy. The energy revivals persist for a surprisingly long time indicating that the system does not thermalize on the experimental timescale. Our work extends the results obtained for two ions in the quantum regime [10] to much longer chains of up to 37 ions. The resultant dynamics are more complex as they involve participation of a greater number of normal modes of the chain.
In order to observe the energy propagation, both the excitation and the energy readout have to be faster than the coupling between the ions. Intuitively, the dynamics can be understood in terms of the eigenmodes of the ion chain. When a single ion on the end of the chain is excited, the system is not in an eigenstate of the full coupled set of oscillators. Rather, the excitation creates a superposition of the eigenmodes which then evolve at their eigenfrequncies. The time evolution results in the local excitation transferred to other ions in the chain. Rephasing of the participating eigenmodes corresponds to energy revivals. The same reasoning applies in the quantum regime for propagation of a single local phonon observed in [10] .
The experiment proceeds as follows: a chain of N Ca + ions is confined in a harmonic potential of a linear Paul trap with trap frequencies (ω x , ω y , ω z ) = 2π × (2.25, 2.0, 0.153) MHz. A laser at 397 nm is red-detuned with respect to the S 1/2 -P 1/2 transition to perform Doppler cooling of the whole chain. An intense beam at 397 nm is tightly focused onto a single ion on one end of the chain, as shown in Fig. 1 .
We rapidly add energy using a technique of pulsed excitation: the intensity of a focused beam is switched off and on with the frequency of the local mode [11, 12] . This resonant process results in a quadratic increase in energy of the excited ion with the number of applied kicks [5] . After 10 µs of pulsed excitation, we stop and let the system evolve freely for a time τ . Then the energy of individual ions in the chain is measured with a laser at 729 nm tuned to the red motional sideband of the narrow quadrupole transition between |g = |S 1/2 ; m J = −1/2 and |e = |D 5/2 ; m J = −5/2 [13] . We analyze the dynamics in terms of the eigenmodes of the ion chain by considering that the ions are confined in a potential V , which is the sum of the harmonic trap potential and the Coulomb interaction. Minimizing potential energy V with respect to the coordinates of every ion i, (x i , y i , z i ), yields the equilibrium positions x 0 i , y 0 i , z 0 i . We treat each ion as an individual oscillator coupled to the other ions in the chain. Considering the motion in only one of the radial directions, x, the potential energy V can be expanded for small displacements about the equilibrium,
where e is the electron charge and m is the ion mass [14, 15] . The local oscillation frequency is modified by the repulsive force from the other ions in the chain and their effect drops off as the cube of the inter-ion distance. The ions are closer to each other in the center of the chain, hence the local oscillation frequency will be minimal for the middle ion. The local displacements q i are coupled, and the system may be diagonalized in terms of the N radial normal modes of the ion chain [14] . We enumerate the normal modes v n in the order of decreasing eigenfrequencies such that v 1 always refers to the center-of-mass mode with the corresponding eigenfrequency of ω x . We model the effect of the pulsed excitation of the leftmost ion as a radial displacement of the ion from its equilibrium position. The unit displacement can decomposed as the sum of radial normal modes with coefficients c n :
The eigenmode decomposition is shown in Fig. 2 for chains of increasing number of ions. We see that the pulsed excitation creates a superposition of eigenmodes of chain motion, which then evolve at their corresponding eigenfrequencies. However, even for long chains, only the first 10 modes play a large role in determining the subsequent time evolution.
In order to precisely measure the energy of the system after an evolution time τ , we consider the quantized version of the system with the potential energy described by Eq. (1) with the Hamiltonian H x written in terms of local phonons creation and annihilation operators at site i denoted a † i , a i , respectively [16, 17] :
where we have neglected fast-rotating non-energy conserving terms. The site-dependent oscillation frequency and the tunneling amplitude are given by:
matrix element between the leftmost ion and its neighbor, t 12 , ranges from 2π × 6.7 kHz for a chain of 5 ions to 2π × 21.1 kHz for a chain of 25 ions. After performing Doppler cooling, the local radial mode of every ion is in a thermal state with a temperaturē n. The density matrix of the ion i, ρ th i , can be expressed in terms of the local phonon number basis |n i :
The pulsed excitation process is modeled as a displacement operator D(α) applied onto the leftmost ion (i = 1) in the chain [18] for some complex amplitude α = |α|e iφ resulting in a displaced thermal state of motion. Experimentally we do not control the phase of the pulsed laser φ, yielding a diagonal density matrix of the first ion ρ 1 after averaging over φ:
with the occupational probabilities given by [19] :
where L n is the Laguerre polynomial of the n th degree. We measure the displacement |α| of the ion i by driving the red motional sideband of the transition between |g , and |e . This interaction couples the electronic and motional states of the ion in the form |g |n i and |e |n i − 1 with Rabi frequency Ω n,n−1 , which depends on the particular motional state n [13] :
where Ω 0 is a scale of the coupling strength and η is the Lamb Dicke parameter. In the regime of our experiment, the Rabi frequency Ω n,n−1 increases with the n, and the energy can be determined by monitoring the strength of the sideband interaction. Specifically, we measure the probability to find the ion in the electronic ground state |g :
First, we extract the initial temperature,n, without pulsed excitation. Then, with pulsed excitation added, the knowledge ofn, the laser intensity, and the trapping parameters allows us to calculate the displacement |α| from the electric ground state probability P g (t). The experimental excitation time is fixed at t = 7.5 µs, short compared to the coupling in order to address only the local mode of motion. The short durations of both the energy readout and the pulsed excitation (10 µs) are crucial to observe the energy dynamics as these operations are much faster than the characteristic coupling time of the leftmost ion 2π/t 12 .
The results for the 5-ion chain and the comparison to theory are presented in Fig. 3 . The experimental data are in good agreement with a molecular dynamics simulation where the leftmost ion is initially displaced in the radial direction. The simulation takes into account the full potential V , including non-linearities from the Coulomb repulsion and the driven motion of ions in the Paul trap. It has no free parameters and uses independently measured trap frequencies as inputs. The simulation results show that the dynamics of the time evolution do not change with a decreased initial excitation amplitude, confirming the absence of non-linear effects and justifying the normal mode picture.
We repeat the experiment with progressively longer chains such that a greater number of normal modes is populated by kicking the leftmost ion. The energy of the rightmost ion during the sequence of experiments is presented in Fig. 4 . Similar revivals can be identified for increasing chain length. This is explained by the fact that the eigenfrequencies of the populated 10 normal modes have only a weak dependence on the ion number. For example, the splitting between the eigenfrequencies of the modes v 1 and v 5 increases by ∼ 3% as the length is increased from N = 5 to N = 25. It can be seen that the revival features become sharper for longer chains: more normal modes participate in the dynamics and the ions are spaced closer together increasing the coupling rate. The energy of the rightmost ions measured for progressively longer chains. The rate of energy transfer across the chain increases slightly to the reduction in the inter-ion distance but has a weak dependance on the ion number. Due to the faster coupling, the feature size of the revivals decreases for longer chains. The average measured energy drops: with a greater number of participating normal modes, the excitation is distributed among more ions.
The faster coupling also leads to a higher energy of the rightmost ion for evolutions times τ ∼ 0 µs: some energy has already transferred from the excited ion to the rightmost ion by the time the pulsed excitation is complete.
Even for very long chains, the energy revivals persist for a long time compared to the coupling strength. This is illustrated by Fig. 5 . This measurement was performed with 37 ions in a partially zig-zag configuration as shown in Fig. 1b . The energy revivals continue even after an evolution time of τ = 40 ms. For times longer than 40 ms the dynamics wash out, likely due to the instability of the trapping frequencies. Consecutive measurements apart by 12 minutes for the evolution time τ = 40 ms revealed a 20 µs shift in the position of the revival peak, corresponding to 5 × 10 −4 change in the coupling strength. The trap frequencies, particularly the radial frequency ω x , are not expected to be stable at this level.
The measurement presented in Fig. 5 shows a large difference in the excitation between adjacent ions: the rightmost ion in the chain and its neighbor. While the energy efficiently transfers from the leftmost kicked ion to the rightmost ion, the ion second from the right does not get as energetic. This phenomenon follows from the normal mode decomposition of the initial excitation. In the local mode picture, it can also be seen that the efficient transfer of energy occurs because the kicked and the rightmost ion have the same local trap frequency leading to an onresonant coupling. However, the local frequency of the ion second from the right is different (by approximately the next neighbor coupling), leading to an off-resonant excitation.
In summary, we have presented experimental results measuring the transport of energy in chains of trapped ions. By exciting the ions and reading out the energy faster than the coupling, we are able to observe the energy propagation from the kicked ion. The dynamics observed for 5 ions agree well with numerical simulations and are explained by the normal mode decomposition of the initial excitation. This work enables the study of the Fermi-Pasta-Ulam problem in both classical and quantum regimes. We plan to investigate how the ion chain thermalizes by engineering additional non-linearities to alter the normal mode structure. Particularly in the quantum regime, it will be possible to use the demonstrated techniques to perform energy transport experiments where the size of the system would render numerical simulations unfeasible. The energy from the kicked ion does not efficiently transfer to the ion second from the right. The general rise in the measured energy corresponds to background heating during the free evolution.
